Non-radiative coupling between conductive coils is a candidate mechanism for wireless energy transfer applications. In this paper, we propose a power relay system based on a near-field metamaterial superlens, and present a thorough theoretical analysis of this system. We use time-harmonic circuit formalism to describe all interactions between two coils attached to external circuits and a slab of anisotropic medium with homogeneous permittivity and permeability. The fields of the coils are found in the point-dipole approximation using Sommerfeld integrals, which are reduced to standard special functions in the long-wavelength limit. We show that, even with a realistic magnetic loss tangent of order 0.1, the power transfer efficiency with the slab can be an order of magnitude greater than free-space efficiency when the load resistance exceeds a certain threshold value. We also find that the volume occupied by the metamaterial between the coils can be greatly compressed by employing magnetic permeability with a large anisotropy ratio.
I. INTRODUCTION
The explosive growth in the use of cordless hand-held electronic devices, electrical vehicles and appliances in the recent years is stimulating interest in wireless power sources [1] [2] [3] . Wireless communications between stationary and mobile devices make it possible to remotely control devices, giving them a certain degree of autonomy. However, since all electrical devices depend on an energy supply, it must be either carried with the device, or harvested from the environment as needed.
Energy harvesting can include mechanical, thermal, chemical, gravitational or electromagnetic energy, although only the latter is suitable for most applications. Radiative transfer of electromagnetic energy is limited by absorption and scattering in the atmosphere and requires a direct line of sight between the source and the device 4 . At high intensities, it also presents a challenging electromagnetic interference problem. While in the radiation flux the magnitudes of electric and magnetic fields are always comparable, in the near field of magnetic dipole antennas the E/H ratio can be strongly suppressed, thus reducing the interaction with biological and other environmental objects whose properties are almost purely dielectric. This bio-friendly behavior of inductively coupled resonators is widely used in RFID transponders 5 . Thus, non-radiative inductive coupling between high-frequency circuits within their near-field zone is an attractive option for wireless power transfer applications.
Although inductive near-field coupling between small coils of radius r λ separated by a distance d such that r d λ is generally small -proportional to (r/λ)(r/d) 3 it can be resonantly enhanced if the coils are either self-resonant or connected to external resonant circuits. Wireless power transfer over a distance of 8 times the radius of the coils with efficiency 40% has been experimentally demonstrated by Soljacic et al. 6, 7 . However, the power transfer efficiency of their device drops steeply as a function of the distance between the coils, as well as a function of the resistive load attached to either of the coils. To address these issues, we propose a relay system based on the concept of the near-field superlens 8, 9 , which can greatly enhance both the range of distances and the load resistance at which the power transfer efficiency is high enough to be practically useful.
Shortly after the discovery of the negative-index superlens [8] [9] [10] [11] , it was realized that its superresolution is related to the enhancement of the transfer function of the near fields, in addition to its aberration-free refractive properties [10] [11] [12] . Reduced near-field-only superlenses based on negative permittivity media were theoretically proposed [13] [14] [15] [16] [17] [18] [19] and implemented shortly afterwards 20, 21 . An important aspect of negative-lenses is that they enhance transmission of only TM-polarized waves (with magnetic field normal to the plane of propagation).
In two-dimensional geometries, TM waves can be generated by either in-plane polarized electric dipoles or out-of-plane magnetic line currents. The near-perfect transfer of magnetic, as well as electric, fields has been demonstrated in two-dimensional systems with purely dielectric superlenses [13] [14] [15] [16] [17] [18] [19] [20] [21] . Similar results are expected with purely magnetic superlenses [22] [23] [24] due to electromagnetic duality.
In contrast with their two-dimensional counterparts, three-dimensional magnetic point dipoles are difficult to couple using a dielectric superlens, because the TM wave component of their magnetic field is suppressed in the near-field relative to the TE wave component by a This paper is organized as follows. First, we introduce a circuit model of the inductive coupling between two coils and one metamaterial slab, and define the power transfer efficiency equivalent to the one introduced in Ref. 6 . Then, we calculate the mutual and self-inductances of the coils in the presence of the slab, and show that a lossy metamaterial introduces resistive contributions to the otherwise purely reactive response of perfectly conducting coils. The coils are described as point dipoles where applicable, and the metamaterial is replaced with an equivalent homogeneous, possibly anisotropic, medium. Then, we analyze the power transfer efficiency and find the optimum coupling regime. Finally, several important aspects of this relay system are discussed: the effect of the dipole orientation relative to the slab, contribution of the TM waves and the possibility of enhancing magnetic fields with a dielectric-only metamaterial, and the role of anisotropy.
II. THE CIRCUIT MODEL OF MAGNETIC DIPOLE COUPLING
Near-field coupling between magnetic dipoles is an attractive option for radiation-less power transfer. In contrast with electric dipoles, magnetic field in the vicinity of magnetic dipoles dominates strongly over the electric field; thus, magnetic dipole-based energy transfer system is expected to interfere less with the function of other devices and live biological objects, including humans. A simple implementation of a magnetic dipole -a circular, planar, single-turn loop of wire -is assumed in this study (see Fig. 1(a) ). The magnetic moment of a wire loop relates to its current i and area A = πR 2 as m 0 = iA n, where n is a unit vector normal to the plane of the loop.
Electromagnetic interaction between two small wire loops can be described with the aid of the coupled-coil theory 31 , which states that the magnetic flux through coil m is expressible through the currents in all participating coils:
where A m is the area of the m-th coil, B m is magnetic flux density at the center of the loop, and the coefficients L mn are called self-inductances for m = n, and mutual inductances for m = n. The radius of each coil is assumed to be much smaller than both the free-space wavelength and the spatial scale of variation of the magnetic fields generated by all other coils. The expressions (1) remain valid even if the coils are located in the vicinity of objects with strong electromagnetic response, for example, a metamaterial slab, as shown in Fig. 1 .
Inductances L mn = L nm are affected by the coils environment; they are calculated for the two-coil-and-one-slab system below.
Using Faraday's law of induction, the relationships (1) can be re-written in terms of the induced electromotive force (EMF), i.e., inductively induced voltage in each coil:
We assume time-harmonic dependence of the currents and fields as i ∝ e −jωt . Assume that coils 1 and 2 are connected to external circuits with resistances R m and capacitances C m , m = 1, 2; additionally, the circuit of coil 1 includes a voltage generator with a fixed external EMF E. From the two voltage balance equations,
the currents in the two coils are expressed through the external EMF, giving
where we have introduced effective coil impedances
The power dissipated in each circuit is given by the sum of terms
Re(Z eff m )|i m | 2 , summed over all circuit elements with non-vanishing resistance; explicitly,
where we have introduced effective resistances
Note that the self-inductances of coils in the presence of a lossy slab may have a non-zero imaginary part, which accounts for the resistive, dielectric and magnetic losses in the slab.
In the following, we will be neglecting the terms quadratic in frequency, which originate from the resistive part of mutual impedance Z 12 ≡ jωL 12 . Because of this resistive part, one should distinguish the power dissipated in the useful resistive load R 2 ,
from the total power dissipated in circuit 2 (P 2 ).
The fraction of power delivered to the resistive load R 2 relative to the total consumed power is
where
In order to make the power transfer efficiency η close to 100%, one wants χ to be as large as possible, and the ratio R eff 2 /R 2 ≥ 1 as small as possible. To maximize χ, it is beneficial to minimize |Z 2 | by eliminating ImZ 2 ; this is achieved by tuning circuit 2 to its resonance by adjusting the capacitance C 2 , such that ReL 22 − 1 ω 2 C 2 = 0. In the following, we assume that Z 2 = R eff 2 , and thus,
We observe that the power transfer efficiency η is not sensitive to the magnitude of Z eff 1 , but only to its resistive part. That is because the ratio χ, as well as efficiency η, do not reflect the actual power extracted from the voltage generator E by the load. In order to characterize the effect of quenching of the source in the presence of the slab, it is convenient to introduce an additional figure of merit, χ id , as the ratio of the useful transmitted power P 0 2 to the power extracted by an "ideal" load connected directly to the voltage source, i.e.
where in the latter limit we again assumed |Z 2 | → R eff 2 . Note that both χ and χ id may be greater than one, whereas η ≤ 1 by definition.
In order to maximize χ id , the source coil must operate at a frequency at which |Z eff 1 | is minimal. By varying the capacitance C 1 , one can eliminate the imaginary (reactive) part of Z eff 1 ; in that regime, the figure of merit (13) becomes
We have expressed two useful figures of merit through the modified coil impedances, Z mn ≡ jωL mn , which are calculated in the subsequent sections. It is interesting to see how they relate to the shift in resonance frequency induced by the slab. The resonance frequencies are obtained by equating Z eff 1 = 0, which gives a polynomial equation for the frequency:
Neglecting resistive loads (R 1 = R 2 = 0), a biquadratic equation is obtained for the resonance frequency:
Its solutions are
For the frequency difference we obtain
For a symmetric system (ω 1 = ω 2 ≡ ω 0 ), the frequency shift to the lowest order in Ω −2 is
we can see that in the small coupling (χ 1), lossless limit, a linear relationship exists between the power coupling efficiencies and (∆ω) 2 . This relationship is however linear only if the slab contributions to self-inductances L 11, 22 , and consequently to the resonance frequencies ω 1,2 , are disregarded.
III. CALCULATION OF MUTUAL INDUCTANCE IN THE POINT-DIPOLE AP-PROXIMATION
To describe the operation of current-carrying coils in the presence of a metamaterial slab, one needs to know the inductances L mn . Self-inductance of a wire loop is a function of the loop radius as well as the wire thickness. On the other hand, mutual inductance L 12 can be determined with good accuracy from the value of magnetic flux density B generated by coil 1 evaluated at the center of coil 2. The distribution of B in space can be found in the point-dipole approximation, i.e. by neglecting the size of the source coil. In this section, we calculate L 12 assuming that both coils are negligibly small in comparison with the spatial scale of the magnetic field gradient. The problem is then reduced to the well-known problem of a dipole antenna over a flat layer of homogeneous medium. For an infinitely extended substrate, this problem was solved by Sommerfeld 32 , and the solution is often referred to as the Sommerfeld integral. For an infinitely wide slab of finite thickness, the solutions in terms of similar integrals were reported by Weng Chew 25 . Here, we generalize these solutions for a slab with uniaxially anisotropic properties. In the quasistatic limit, we are able to obtain closed-form expressions for all fields in terms of a well-known special function, Lerch transcendent Φ L .
We assume that a slab of thickness D, which occupies the space between 0 ≤ z ≤ D, is embedded into homogeneous medium, such as air, with relative permittivity v and relative permeability µ v . The relative permittivity and permeability tensors of the slab are assumed uniaxial, with Cartesian components
Since the principal axis of the material properties is aligned with the normal to the slab, the cylindrical symmetry of the problem is preserved, and one can use the approach of Chew 25 even with the medium anisotropy; the benefits of anisotropy are explained below.
The source, a point magnetic dipole with magnetic moment m 1 = i 1 A 1 , oriented parallel to the slab, is placed on the z-axis at z = −d 1 .
On the reflection side of the slab, in the region with −d 1 < z < 0, the axial components of electric and magnetic field can be written as
, and R T E and R T M are reflection coefficients for the electric field in T E and T M polarizations, which are derived below. On the transmission side (z > D), the fields are
To facilitate the derivations, introduce the spectral components of all fields according to Ref.
and notice that the problem reduces to the one-dimensional propagation of plane waves E(k ρ , z, φ) in the z-direction through the layered medium. The reflection and transmission coefficients, calculated in accordance with our phase normalization choices seen from (21), are calculated in the Appendix; see equations (72,77).
The remaining four components of the E and H vector fields, are expressed through 
where subscript s indicates the transverse part of a vector. In particular, forH x values on the axis, in the region z > D (where the second coil would be placed), we obtaiñ
. In deriving equation (24), we have used J 1 (0) = 1/2 and the oddness of the Bessel function Y 1 (k ρ ρ) = ImH 
Since we are interested only in the near-field region around it, only Fourier components with |k ρ | k v are important, and the exact formulas above can be greatly simplified. Under this assumption, the following approximations can be made (as in Ref. 15 ):
Note that we implicitly assume that signReµ x = signReµ z and signRe x = signRe z ; in these regimes, spectral components evanescent in vacuum regions are also evanescent (or exponentially growing) inside the slab. The reflection and transmission functions in this quasistatic approximation are
are material constants; analogous expressions for TM components are obtained by the substitution µ → .
Magnetic field intensity at the position of the second dipole becomes
Similarly, at the position of the first dipole we have
The integral in (30) diverges, as it includes the field generated by a point dipole. The reflected portion of this field is nevertheless finite, and it will be used in the next section for a calculation of slab effect on self-impedance.
We observe that the contribution of the TM wave is suppressed by a very small factor, of
Practically, it means that dielectric slabs cannot provide strong enhancement of the mutual inductance, thus the need for magnetic metamaterial slabs.
The only remaining integral in equation (29) can be reduced to the standard Lerch transcendent function (Φ L ) using the substitution t = exp(−2αDk ρ ). Noticing that
we obtain the flux through coil 2:
In the following, we will be neglecting the TM contribution, and omitting the TE subscript for all variables. The mutual inductance coefficient is obtained from expression (32) by dividing out the current i 1 :
For positive real u, the function Φ L (γ, 3, u) is analytic in both γ and u, except the line γ = [1; +∞) where it has a branch cut discontinuity in γ. Since the branch cut discontinuity affects only the phase of Φ L , and the physical result depends only on |Φ L |, we can treat this function as continuous.
To highlight the effect of the slab on the inductive coupling, one should compare L 21
given by (33) to its value in the absence of the slab, i.e. when µ x = µ z = 1 and µ v = 1.
Substituting a = h = −4 and b = g = 0 into (33) and using Φ L (0, 3, u) = u −3 , we obtain
is the distance between the coils.
IV. THE EFFECT OF THE SLAB ON SELF-INDUCTANCE
The contribution of the slab response to the self-inductance of coil 1 can be also estimated in the point-dipole approximation using the following model 12 . Consider a point magnetic dipole m 1 = m 1x excited by the sum of external magnetic field, H ext x , and the field reflected from the slab,
is the reflected portion of the Green's function, as seen from equation (30) . The total magnetic moment equals
where α m is the intrinsic magnetic polarizability of the dipole unperturbed by the slab.
Resolving equations (35,37), we find
, which means that the effective polarizability of the dipole in the presence of the slab is
From the relationship Φ 1 = L 11 i 1 = L 11 m 1 /A 1 we find that this polarizability relates to self-inductance as
where L
11 is the self-inductance of coil 1 without the slab. In the quasistatic approximation, and neglecting the weak contribution of the TM wave, we obtain the slab contribution to self-inductance L 11 :
expression (40) for v > 0 can be reduced to
The expression for L 22 is obtained by replacing v = d 1 /(αD) in (42) with w = d 2 /(αD).
V.
POWER TRANSFER EFFICIENCY ANALYSIS
Now we turn to the most realistic scenario where the self-resonant coils are situated in free space ( v = µ v = 1). Optimization of the power transfer efficiency,
requires finding the optimum balance between the enhancement of L 12 and the growth of ImL (1) 11,22 ; it is easy to see that increasing the former also leads to the increase of the latter. In expression (44), the term Φ L (−b/a, 3, v + 1) from (40) was neglected in comparison with
. This is a valid approximation for small |a| and 0 ≤ v ≤ 1; the reason why we are only interested in this regime is explained below.
| as a function of the complex parameter a has a sharp peak at a = 0. Therefore, we may expect that the maximum of χ (and η) is obtained at the minimum of |a| ≡ α µx
. For a lossless magnetic metamaterial slab, |a| can be precisely zero when the perfect lens condition
is met. In the point-dipole approximation, a lossless magnetic metamaterial slab can thus provide an infinite mutual inductance, leading to the perfect power transfer efficiency, η = 1.
In a real system, η is limited by losses; its maximum is achieved by minimizing |a|, i.e.
by requiring
In this regime, a closed-form analytic expression for the mutual inductance can be obtained in the limit of small losses. Suppose that the magnetic loss tangents σ x,z , introduced according to µ x,z = µ 
To the same accuracy, the expression (44) becomes
where we have introduced two parameters with the dimensions of impedance:
Here, λ ≡ 2πc/ω is the vacuum wavelength and Z 0 ≡ µ 0 c is the free-space impedance.
Before we find the optimum coupling regime, we can make two interesting observations about the behavior of Lerch function at large negative values of its first argument. First,
Therefore, with arbitrarily small loss tangents, arbitrarily large enhancement of the mutual inductance L 12 can be obtained when 0
Second, the slab contribution to the coil self-impedance
diverges in the limit σ → 0 whenever v ≤ 1/2, i.e. when d 1 < αD/2, but converges to a finite limit for any v > 1/2, in agreement with the findings of Refs. 12, 33 . This means that the dipole source can be completely quenched 34 by a lossless negative-µ slab in the superlensing regime (46) whenever the source is closer to the slab than the quenching distance, d q = αD/2.
However, one should realize that with a finite loss, L 11 remains finite for any d 1 ≥ 0; total quenching is possible only with a non-physical choice σ = 0.
The function η(v, w) has a well-defined maximum, defining the optimum positions of the coils relative to the slab, as seen in Figure 2 . The optimum positions depend on the resistances R 1,2 ; a larger resistance R 1 (R 2 ) requires coil 1 (coil 2) to be closer to the slab's left (right) interface in order to achieve maximum performance.
The maximum value of the function η, maximized over the distance variables (v, w), is a monotonically decreasing function of the loads R 1 and R 2 . It can be computed numerically for any given loss tangent σ. To find the regime in which a metamaterial slab offers significant improvement for the power transfer system, compare our result (50) with the no-slab case, for which 
VI. THE EFFECT OF DIPOLE ORIENTATION
with decreasing loads, the m z − m z polarization provides a somewhat better coupling, with all other parameters fixed. The exact amount of additional enhancement can be determined from the diagram shown in Figure 3 (a).
Finally, we note that in our configuration with the two dipoles aligned to the z-axis, there is no coupling between m x and m z components: the axial magnetic field H z of the x-polarized dipoles vanishes on the z-axis.
VII. ON THE FEASIBILITY OF EFFICIENT COUPLING OF MAGNETIC DIPOLES THROUGH A DIELECTRIC-ONLY SLAB
So far, we have been assuming that the coupling between the magnetic dipoles is mediated by the TE waves, which can be greatly enhanced by a negative-µ slab; the contribution of the TM wave was neglected. Considering that metamaterials with electric-only response may offer lower loss tangents, it is interesting to see if a negative-slab can compete with a negative-µ slab.
Consider a situation where only the TM waves are enhanced, such that the TM terms in expressions (29) and (30) dominate. This regime is achieved by choosing a dielectric-only slab with unit relative permeability and anisotropic relative permittivity x,z < 0, and then tuning the real parts of x,z to the superlensing condition, Re x = −Re(α T M ) v . The mutual inductance (32) in this regime becomes
where σ e = (σ e,x + σ e,z )/2 is the effective dielectric loss tangent. The first term in (59) represents TE-wave mediated magnetic field transmission in free space. The second term in (59) dominates over the former whenever
Mathematically, it is possible to find a sufficiently small σ e for any 0 < u T M < 1 to satisfy this inequality, even with arbitrarily large λ/d ratio. The slab contribution to self-inductance is then dominated by the TM waves:
In this regime, power transfer efficiency looks formally the same as the equation (50), in which all quantities are replaced with their TM analogs, except that the characteristic impedancesZ 1,2 are now equal tõ
Since the characteristic impedancesZ e 1,2 set the scale for attainable load resistances R 1,2 , the dielectric slab can support only much smaller loads in the regime with reasonably high power transfer efficiency, η > 0.1, in comparison with the magnetic slab. To achieve the same coupling efficiency with the same loads R 1,2 that the negative-µ slab can sustain, the loss tangent σ e must be decreased to an exponentially small value, which is not feasible in practice. This finding is not applicable to two-dimensional (infinitely long) systems, where efficient coupling of two-dimensional point magnetic dipoles mediated by TM waves can be achieved with negative-slabs 15 .
VIII. CONCLUSIONS
The rigorous analysis presented in sections II-V enables us to make the following conclusions about the metamaterial-based power relay system. The two parameters -slab thickness D and anisotropy ratio α T E -can leverage each other 30, 35 . Electromagnetically, the TE wave properties of an anisotropic slab of thickness D and anisotropy α T E are indistinguishable from those of an isotropic slab of thickness D = Dα T E . This statement can be derived using the invariance of Maxwell's equations with respect to coordinate transformations, a concept dubbed transformation optics in the recent years 36 . In practice, this means that the thickness of a metamaterial slab can be reduced without affecting performance, assuming that the magnetic loss tangent σ can be kept constant while increasing the magnitude of the negative real part of µ x .
As a function of the useful load (R 2 ), optimum power transfer efficiency decreases slowly, much slower than the power law 1/R 2 pertaining to the no-slab (vacuum) case. Consequently, there exists a threshold resistance R t such that the metamaterial system loaded with R 2 > R t performs better than no-slab system. This threshold resistance R t decreases with the metamaterial loss tangent σ: less lossy metamaterials "beat" free space performance at smaller loads. it extends the range of distances d within which acceptable efficiency can be obtained.
As typical for metamaterial superlenses, the performance can be theoretically arbitrarily good -in our case, the power transfer efficiency can be as close to 100% as needed -but only if arbitrarily small loss tangents can be implemented. The growth of the figure of merit with decreasing loss is very slow (typically, logarithmic). Nevertheless, even with practically attainable loss tangents σ ∼ 0.1 the metamaterial relay system can over-perform free space coupling efficiency by an order of magnitude or more, depending on the load resistance. Fig.1 . The spectral components of electric and magnetic fields can be derived from the H z
